To understand microbial growth with mathematical models has a long tradition that dates back to the pioneering work of Jacques Monod in the 1940s. Growth laws are simple mathematical expressions that aim at describing growth rates of microbes as functions of external parameters, in particular nutrient concentrations. These laws are now widely applied to construct, e.g., dynamic ecosystem models. However, to explain the growth laws from underlying (first) p rinciples is extremely challenging. In the second half of the 20 th century, numerous experimental approaches aimed at precisely measuring heat production during microbial growth to determine the entropy balance in a growing cell and to quantify the exported entropy. This has led to the development of thermodynamic theories of microbial growth, which have generated fundamental understanding and identified principle limitations of the growth process. Whereas these approaches considered a growing microbe as a black box, modern theories heavily rely on genomic resources to describe and model genome-scale networks to explain microbial growth. Interestingly, however, thermodynamic constraints are often included in modern modelling approaches only in a rather superficial fashion, and it appears that recent modelling approaches and classical theories are disconnected fields. In order to stimulate a closer interaction between these fields, we here review various theoretical approaches that aim at describing microbial growth based on thermodynamic principles. We start with classical black-box models of cellular growth, and continue with genome-scale modelling approaches that include thermodynamics, before we place these models in the context of fundamental considerations based on non-equilibrium statistical mechanics. We conclude by identifying conceptual overlaps between the fields and suggest how the various types of theories and models can be integrated. We outline how concepts from one approach may help to inform or constrain another, and we demonstrate how genome-scale models can be used to infer classical black-box parameters, which are experimentally accessible in growth experiments. Such integration will allow understanding to what extent microbes can be viewed as thermodynamic machines, and how close they operate to theoretical optima.
Since ω f is the maximum value of the yield that is consistent with the laws of thermodynamics, 145 Roels defined the thermodynamic efficiency of a growth process as η th = Y sx /ω f , where Y sx is the 146 yield of biomass (x) given a certain substrate (s). By calculating the values of η th for different organic 147 compounds as energy source, he observed that highly reduced as well as highly oxidized substrates 148 lead to a rather low efficiency. Roels concluded that substrates with a degree of reduction above 4.2 149 (the degree of reduction of biomass) contain enough energy to allow that all carbon could in principle 150 be converted into biomass. In contrast to this, for compounds with a degree of reduction below 4.2, 151 this is not possible due to energetic reasons. 152 How to incorporate these results into a mathematical model of bacterial growth is extensively approaches to explain bacterial growth laws (see [30, 31] ). For a very well written discussion comparing 159 most of the efficiency measures discussed above (and much more), see [22, 32] .
160
In combination, these investigations and concepts of thermodynamic efficiency in bacterial 161 growth provided the basis for further developments, including methods to estimate the energy and 162 entropy of formation for biomass, which represents a parameter of fundamental importance for 163 energetic calculations concerning life [27, 28, 33, 34] . Particularly valuable were Battley's contributions 164 for estimating the Gibbs free energy of formation of biomass, ∆ f G b (-65.10 kJ/C-mol, γ b = 4.998, N 2 as 165 nitrogen source), and the enthalpy of formation for biomass, ∆ f H b . By using the well known relation of 166 entropy, enthalpy and Gibbs free energy, ∆G = ∆H − T∆S, he even attempted to estimate the entropy 167 of formation of biomass, but concluded that this method is too prone for errors, because it highly 168 depends on the quality of the approximation of enthalpy and Gibbs free energy [28] . 
Recent applications of Thermodynamics in microbial growth

170
The introduction of novel experimental techniques, often referred to as high-throughput 'omics' 171 technologies, around the beginning of the 21st century, facilitated collecting extensive datasets and 172 information about important molecular components of cells, including metabolite, RNA and protein 173 levels. Falling cost and improved efficiency of genome sequencing gave rise to an ever growing 174 number of sequenced organisms [35] . The availability of omics data also resulted in comprehensive valuable information about flux distributions of cells growing on different media. In combination with experimental measurements, this approach has successfully been applied to investigate uptake rates of 181 carbon sources and byproduct secretion rates for several microbial organisms [40] [41] [42] [43] . However, there 182 are a number of phenomena associated with microbial growth which cannot be explained by these 183 type of models. For example, they do not explain the observation of fermentative metabolism and only 184 partial oxidation of organic substrates in aerobic conditions and high substrate availability (known as 185 the Crabtree effect in yeast or the Warburg effect in cancer cells) [44] . In general, flux balance analysis 186 is very limited when investigating fundamental principles of microbial growth.
187
Thermodynamic approaches are typically used in genome-scale metabolic models to avoid infeasible flux distributions in the solution space. Thermodynamics gives information about the correct direction of biochemical reactions [45] . Essentially any enzymatic reaction can be reversible, and the Gibbs free energy of reaction (∆ R G) defines the direction in which a reaction proceeds (always in the direction of negative ∆ R G). The Gibbs free energy of reaction depends on the metabolite concentrations by
where n i is the stoichiometric coefficient of metabolite i, c i its concentration, and ∆ f G 195 In recent years, resource allocation models and models including molecular crowding have 196 been developed to further investigate microbial growth limitations and overflow metabolism [49] [50] [51] .
197
Whereas flux balance analysis neglects specific protein costs and benefits, resource allocation models are 198 focusing on incorporating costs for enzymes, ribosomes, available space in cells and other physiological
In the 1990s, the development of the so-called fluctuation theorems [56-59] constituted a major advance in non-equilibrium statistical physics. Basically, they represent a generalisation of the second law of thermodynamics. They link the probability to observe an entropy increase σ during a time τ to the probability to observe an entropy decrease by the same amount in the same time. This class of theorems can be generally expressed by
where P (+σ) and P (−σ) denote the probabilities to observe an entropy increase or decrease by σ during time τ, respectively. More recently, J. L. England [60] has proposed to apply this approach to self-replicating systems. Obviously, replication is a highly irreversible biological process and can be described in the language of statistical physics as a system that goes from a macrostate I (a single cell and the substrates in the surrounding medium), to a macrostate II (two daughter cells and the substrates), where each macrostate corresponds to an extremely high number of microstates. England's reasoning starts from the fact that particles obey classical mechanics at the microscopic scale, and therefore follow a reversible dynamics. This allows quantifying the reversibility of a microscopic transition by the associated change in entropy. Applying these microscopic considerations to the macroscopic scale, the author obtains a generalization of the second law of thermodynamics for macroscopic irreversible biological processes. While the classical second law of thermodynamics states that the increase of entropy of a closed system is always positive and obeys the inequality
where ∆Q ex is the amount of heat exchanged with the environment and ∆S int the internal entropy increase of the system. England's derivation adds a new term to this relation,
where π(I → II) (respectively π(II → I)) stands for the probability that the system evolves from 229 macrostate I to macrostate II (respectively from II to I). When a macroscopic transition is irreversible 230 (π(II → I) π(I → II)), the logarithm becomes negative, increasing the lower bounds for heat 231 dissipation and entropy increase.
232
Equation (4) allows to have a closer look at self-replication. England applies this relation to a population of exponentially growing cells. He denotes the growth rate as g and the reverse rate (highly unlikely to happen) as δ. It allows to express π(I → II) as gdt and π(II → I) as δdt. Hence, equation (4) becomes ∆q T + ∆s int ≥ ln (g/δ), overview in Section 2) reveals that for most models energies of formation and degrees of reduction 285 of the biomass are in agreement with former theoretical approximations. However, there are some 286 values that deviate drastically from the mean (compare, for instance, upper right corner in figure 1 ).
287
Possibly, the observed variation results from different biomass compositions that were assumed for 288 the specific models and their particular research questions. However, this kind of calculation offers the 289 opportunity to scrutinise the plausibility of model assumptions, in particular referring to the biomass 290 functions. For example, an energy of formation of +200kJ/C-mol seems highly unlikely. Another possibility for a straight-forward approach to combine thermodynamic concepts from 292 black box models with genome-scale models is a separate analysis of anabolism and catabolism.
293
In order to calculate properties of anabolism, such as those predicted by Battley in 1993 [28] , from 294 genome-scale models, we pursue the following approach: Genome-scale models from the BIGG 295 database were modified in two steps. First, all reactions that can produce ATP are disabled by 296 introducing a dummy compound representing "unusable" ATP. Second, two strictly coupled reactions 297 are introduced that import ATP into the cytosol, and export ADP and orthophosphate with the same 298 rate. The strict coupling of import and export ensures that only energy but no matter is introduced into 299 the system. Thus, the modified model is unable to produce ATP from any carbon source and instead 300 must use the imported ATP as energy source. Therefore, this modification separates anabolism from 301 catabolism by simulating an external "ATP battery" providing the organism with external chemical 302 energy, replacing the usual catabolic pathways.
303
These modified models were used to simulate anabolism separate from catabolism. In particular,
304
we calculated the minimum amount of ATP required to incorporate one carbon atom from the nutrients 305 into biomass and the minimum number of CO 2 molecules that are released in this process. For this, 306 the biomass production rate was fixed to the value obtained from the original model (in all cases model", the required ATP per biomass carbon is between 2 and 3.5. Interestingly, the anabolism versus 316 metabolism ratio of released carbon dioxide for the E. coli models is very close to the ratio predicted by 
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